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The generalized quantum master equation with transport particle number resolution, like its
conventional unconditioned counterpart, has also the time–local and time–nonlocal prescriptions.
The latter is found to be more suitable for the effect of electrodes bandwidth on quantum transport
and noise spectrum for weak system–reservoir coupling, as calibrated with the exact results in the
absence of Coulomb interaction. We further analyze the effect of Coulomb interaction on the noise
spectrum of transport current through quantum dot systems, and show that the realistic finite
Coulomb interaction and finite bandwidth are manifested only with non-Markovian treatment. We
demonstrate a number of non–Markovian characteristics of shot noise spectrum, including that due
to finite bandwidth and that sensitive to and enhanced by the magnitude of Coulomb interaction.
PACS numbers: 72.70.+m, 73.23.-b, 73.63.Kv, 05.40.-a
I. INTRODUCTION
F F Shot noise due to charge discreteness in meso-
scopic transport has stimulated great interest in recent
years. It provides additional information beyond the
average current, especially on the nature of fluctuating
environment coupling to the mesocopic system.1,2 Con-
ventionally, evaluations of shot noise and higher cumu-
lants of current in full counting statistics are largely
restricted to zero frequency, and Born–Markov master
equation approach is employed.3–6 Memory effects of
fluctuating environment on the first few cumulants of
current at zero frequency were investigated recently, re-
vealing that non-Markovian corrections are increasingly
important to higher cumulants.7,8 The related features
are even more pronounced at high frequency, as demon-
strated experimentally.9–11 Non-Markovian feature man-
ifests itself the nature of fluctuating environment. Flindt
et al8 and Aguado et al12 studied the noise spectrum of
qubit under transport, with non-Markovian treatment of
the phonon bath environment, but considered electrodes
(electron reservoirs) in the Markovian and large voltage
limit. Non-Markovian characteristics of electron reser-
voirs differ distinctly from that due to bosonic–bath cou-
pling. Their effects on the frequency–resolved shot noise
have been explored in the wide–band limit (WBL),13–15
and the appearance of step structure reflects directly the
discreteness of energy levels of the dots.
In this work, we demonstrate some basic non-
Markovian features of shot noise, resulted from the finite
bandwidth property of electrodes and the finite Coulomb
interaction of mesoscopic systems. The present calcula-
tion is based on the particle–number resolved or gen-
eralized quantum master equation (GQME), together
with MacDonald’s formula. Like its conventional uncon-
ditioned counterpart, there are two prescriptions, i.e.,
the time–local (TL) versus time–nonlocal (TNL) forms
of GQME, and they are not equivalent in the weak
system–environment interaction treatment. For phonon
bath environment such as spin–boson system and op-
tical line shape problems, it often found that the TL
ansatz is superior.16,17 For electrons reservoirs environ-
ment for quantum transport, however, the TNL prescrip-
tion rather is more appropriate. The resulted expression
of the noise spectrum contains explicitly the memory ef-
fects due to finite electrodes bandwidth. The superiority
of TNL–GQME over TL–GQME18–22 will be verified by
comparison with an exact path-integral theory23–26 in the
absence of Coulomb interaction.
The paper is organized as follows. In Sec. II, we present
the TNL–GQME, viewed from both the particle number
aspect and its conjugated counting field aspect, for full
counting statistics. The resulting transport current noise
spectrum formalism is given in Sec. III, together with
general remarks on non-Markovian shot noise character-
istics. In Sec. IV, we implement the proposed scheme
to some noninteracting and interacting model quantum
dots. Including in the noninteracting case is also the
exact result that justifies the present TNL–GQME ap-
proach, while discriminates its TL counterpart. Finally,
we conclude in Sec. V.
II. GENERALIZED QUANTUM MASTER
EQUATION APPROACH
A. Decomposition of conventional memory kernel
It is noticed that the GQME for full counting statis-
tics can be constructed rather straightforwardly by us-
ing the counting field-dressed method;27–29 cf. Eq. (12)
and comments there. Here, we like to provide also an
alternative view that may shed light on how the count-
ing measurement field selects the transport components
from the total dissipation superoperator, denoted below
as Σˆ(t), in the conventional or counting field-free QME
theory [cf. Eq. (1)]. In the present weak coupling the-
ory the total dissipation superoperator is additive, i.e.,
Σˆ(t) = Σˆel(t)+Σˆph(t), for its contributions from electron
reservoirs and phonon bath interactions. While Σˆel(t)
contains both transport and non-transport components,
the phonon-bath induced Σˆph(t) is itself non-transport,
2but destroys the coherence in central system.
The conventional QME in memory kernel prescription
for the reduced system density operator reads16
ρ˙(t) = −iLρ(t)−
∫ t
−∞
dτΣˆ(t− τ)ρ(τ). (1)
Here, L · ≡ [H, · ] is the reduced quantum dots system
Liouvillian; Σˆ(t) denotes the dissipation kernel superop-
erator for the coupling environment effect on the reduced
transport system. Assume the weak system-environment
coupling. It leads to Σˆ(t− τ) = 〈L′(t)e−iL(t−τ)L′(τ)〉env,
with L′(t) · ≡ [H ′(t), · ] being the system–environment
coupling Liouvillian and 〈· · ·〉env denoting the average
over environment degrees of freedom, including both elec-
tron reservoirs and phonon bath. Throughout this work,
we set the Planck constant and electron charge ~ = e = 1.
For clarify, let us treat explicitly only the influence of
electron reservoirs of coupling electrodes (α = L and R).
They are modeled by noninteracting electrons, hres =∑
α hα =
∑
αk ǫαkc
†
αkcαk, and their coupling with system
responsible for transport current is
H ′sys-res =
∑
αkµ
(tαkµc
†
αkdµ + t
∗
αkµd
†
µcαk). (2)
Here, dµ (d
†
µ) is the annihilation (creation) operator for
an electron in the specified spin-orbital level of the quan-
tum dots system, while cαk (c
†
αk) is that of the specified
α–electrode level with energy ǫαk. In the hres–interaction
picture, Eq. (2) is
H ′sys-res(t) =
∑
αµ
[
F (+)αµ (t)dµ + d
†
µF
(−)
αµ (t)
]
. (3)
where F
(+)
αµ (t) ≡
∑
k e
ihαt
(
tαkµc
†
αk
)
e−ihαt ≡ [F
(−)
αµ (t)]†
are the stochastic reservoir operators. They satisfy the
Gaussian statistics with Wicks theorem for thermody-
namic average. As a result, the effects of reservoirs on
the reduced system can be completely determined by the
reservoir correlation functions,
C(±)αµν(t− τ) = 〈F
(±)
αµ (t)F
(∓)
αν (τ)〉res. (4)
For bookkeeping in the following, we denote σ = + or −,
and σ¯ be the opposite sign of σ. Denote also d+µ ≡ d
†
µ
and d−µ ≡ dµ.
TreatingH ′sys-res(t) up to second order, the convolution
term in Eq. (1) is explicitly expressed as16,30–32
Σˆ(t)⊗ρ(t) ≡
∫ t
−∞
dτΣˆ(t− τ)ρ(τ)
=
∑
σαµν
{[
dσ¯µ,
(
C(σ)αµν(t)e
−iLt
)
⊗
(
dσνρ(t)
)]
+
[(
C(σ)∗αµν (t)e
−iLt
)
⊗
(
ρ(t)dσ¯ν
)
, dσµ
]}
. (5)
Let L [x(t)] be the Laplace frequency transformation of
an arbitrary function of time x(t); e.g.,
C(σ)αµν(ω) ≡ L [C
(σ)
αµν (t)] ≡
∫ ∞
0
dt eiωtC(σ)αµν(t). (6)
The Liouville–space self–energy is Σ(ω) ≡ L [Σˆ(t)]. To-
gether with the notion of
→
dσµOˆ ≡ d
σ
µOˆ and
←
dσµOˆ ≡ Oˆd
σ
µ,
we recast self–energy in Eq. (5) as
Σ(ω) = Σ(0)(ω)−
∑
α
[
Σ(+)α (ω) + Σ
(−)
α (ω)
]
, (7)
with
Σ(0)(ω) =
∑
σαµν
[
→
dσ¯µC
(σ)
αµν(ω−L)
→
dσν +
←
dσµC
(σ)∗
αµν (L−ω)
←
dσ¯ν
]
,
(8a)
and
Σ(σ)α (ω) =
∑
µν
[
←
dσ¯µC
(σ)
αµν(ω−L)
→
dσν +
→
dσµC
(σ)∗
αµν(L−ω)
←
dσ¯ν
]
.
(8b)
The kernel of Σ(0)(ω) does not change the electron par-
ticle number, and it contains in general also the phonon
bath component, Σph(ω), as discussed earlier. On the
other hand, Σ
(σ)
α (ω) associates with increase (σ = +)
or decrease (σ = −) of particle number by one. The
corresponding Σ
(±)
α (t) defines the transport memory ker-
nel. The above picture is closely related to the counting
statistics to be elaborated in the coming two subsections.
B. Generalized quantum master equation for
counting statistics
Rather than the above conventional QME (1) for the
unconditional ρ(t), a richer information contained equa-
tion for conditional state will be more desirable. This
is the GQME for particle-number-resolved ρ(n)(t),2,19 the
reduced state conditioned by the given number n of elec-
trons transmitted, within the measuring time internal
t, through the specified lead that will be denoted im-
plicitly as the electrode α hereafter. While the uncon-
ditional state is ρ(t) =
∑
n ρ
(n)(t), the conditional one
is related to the current counting distribution function,
P (n, t) ≡ Tr
[
ρ(n)(t)
]
, which contains full information in-
cluding current, shot noise, and all higher moments of
current fluctuations.19 The GQME with transmitted par-
ticle number resolution describes the quantum evolution
in relation to the distribution function P (n, t).
Following the method of reservoir partition that has
been applied with Markovian TL treatment,19,33,34 the
TNL–GQME can be readily formulated out as
ρ˙(n)(t) = −iLρ(n)(t)−
∫ t
0
dτΣˆ(0)(t− τ)ρ(n)(τ)
+
∑
σ=+,−
∫ t
0
dτΣˆ
(σ)
α′ (t− τ)ρ
(n)(τ)
+
∑
σ=+,−
∫ t
0
dτΣˆ(σ)α (t− τ)ρ
(n+σ·1)(τ)
− δn0 ˆ̺(t) , (9)
where α′ 6= α, with α specifying the junction lead of cur-
rent counting performed. The involving kernels, Σˆ(0)(t)
3and Σˆ
(±)
α (t) [also Σˆ
(±)
α′ (t)], had been expressed in terms
of their Laplace frequency transformations in Eq. (8), fol-
lowed by the comments on their associating physical pro-
cesses. The inhomogeneous term in Eq. (9) is of
ˆ̺(t) =
∫ 0
−∞
dτΣˆ(t− τ)ρ(τ). (10)
It arises as the counting field takes action only after a
given finite time,8 which is set to be t = 0 without losing
the generality. Therefore, the temporal argument t in
Eq. (9) is nothing but the desired current counting mea-
surement time interval.
The initial conditions to Eq. (9) are
ρ(n)(0) = δn0ρ
st, with [iL+Σ(ω = 0)] ρst = 0, (11)
before counting the number of electrons passing through
the junction. The steady-state ρst can be evaluated via
the second identity in Eq. (11), which amounts to Eq. (1)
with ρ˙(t) = 0, together with the normalization trρst = 1.
Apparently, the initial conditions to TNL-GQME contain
the initial system-environment correlation via ρst. We
will see in Sec. III that ˆ̺(t) does not enter directly into
the final expression of noise spectrum. In other words,
the effect of initial system-environment correlation on the
noise spectrum is dictated by ρst, rather than the inho-
mogeneous component in Eq. (9).
An alternative approach to GQME (9) is the introduc-
tion of the counting field χ at the specified lead (α) of
current counting.27–29 It results in the modified tunneling
Hamiltonian by cαk → cαke
iχ in Eq. (2). The resulting
GQME for the counting field χ–resolved reduced state,
ρχ(t) ≡
∑
n e
−inχρ(n)(t), reads
ρ˙χ(t) = −iLρχ(t)−
∫ t
0
dτΣˆχ(t− τ)ρχ(τ) − ˆ̺(t) , (12)
with (noting that α′ 6= α the counting lead)
Σˆχ(t) = Σˆ
(0)(t)−
∑
σ=+,−
[
Σˆ
(σ)
α′ (t) + e
σiχΣˆ(σ)α (t)
]
. (13)
The GQME (9) can be obtained via the resolution
ρ(n)(t) = (2π)−1
∫
dχ einχρχ(t), while the conventional
QME (1) that governs ρ(t) =
∑
n ρ
(n)(t) is recovered
by setting χ = 0, as inferred from Eqs. (7)–(8). Ap-
parently, the initial condition to Eq. (12) is nothing but
ρχ(t = 0) = ρ
st. Thus, the temporal argument t in
Eq. (12), the counting-field domain of Eq. (9), does de-
note the current counting measurement time interval.
III. SPECTRUM DENSITY OF CURRENT
A. Transport self-energy formalism
The GQME (9) is the key dynamics formalism for cur-
rent counting statistics. Its Laplace–frequency–domain
equivalence for ρ˜(n)(ω) ≡ L
[
ρ(n)(t)
]
is given by
[i(L − ω) + Σ(0)(ω)− Σ
(+)
α′ (ω)− Σ
(−)
α′ (ω)]ρ˜
(n)(ω)
= Σ(+)α (ω)ρ˜
(n+1)(ω) + Σ(−)α (ω)ρ˜
(n−1)(ω)
+ δn0[ρ
st − ̺(ω)] . (14)
It will be used directly in the evaluation of transport
current spectrum below. Note that we have denoted α
as the counting lead, while α′ 6= α.
Introduce the transport self-energy functions of
J (±)α (ω) ≡ Σ
(−)
α (ω)± Σ
(+)
α (ω). (15)
For the current to the α–lead, Iα(t) = −Tr
∑
n nρ˙
(n)(t),
Eq. (14) leads to I˜α(ω) ≡ L [Iα(t)] = −Tr
[
J
(−)
α (ω)ρ˜(ω)
]
.
The stationary current can therefore be evaluated via
I¯α ≡ I
st
α = −Tr
[
J (−)α (ω = 0)ρ
st
]
. (16)
For noise spectrum measurement, we need also the num-
ber density operator, which can be obtained by using
Eq. (14) as
N˜α(ω) ≡
∑
n
nρ˜(n)(ω) = −G(ω)J (−)α (ω)ρ
st/ω , (17)
where
G(ω) ≡ [ω − L+ iΣ(ω)]−1, (18)
is the Liouville–space Green’s function for the counting
field–free QME (1).
Now turn to the shot noise spectrum, defined as
S(ω) = F
{
〈δI(t)δI(0)〉s
}
, where 〈δI(t)δI(0)〉s is the
fluctuating current–current correlation function that is
symmetrized, and F{· · · } denotes the full Fourier trans-
form. For the total circuit current I(t) = aIL(t)− bIR(t),
the noise spectrum is of
S(ω) = aSL(ω) + bSR(ω)− ab Sc(ω). (19)
The involving coefficients that satisfy a+b = 1 are related
to the symmetry of the junction capacitances.1
For the noise spectrum Sα(ω) at lead α = L or R, the
MacDonald’s formula gives directly35
Sα(ω) = 2ω
∫ ∞
0
dt sin(ωt)
d
dt
[〈n2α(t)〉 − (I¯αt)
2]. (20)
Here 〈n2(t)〉 ≡
∑
n n
2P (n, t) = Tr
∑
n n
2ρ(n)(t). With
the help of Eq. (14), we have
L
[
d
dt
〈n2α(t)〉
]
= 2J (−)α (ω)N˜α(ω) + J
(+)
α (ω)
iρst
ω
, (21)
which together with Eq. (16) lead to
Sα(ω) = 4ω Im
{
Tr[J (−)α (ω)N˜α(ω)]
}
+ 2Re
{
Tr[J (+)α (ω)ρ
st]
}
. (22)
Consider now Sc(ω) in Eq. (19), which is the spectrum
of charge fluctuation Q˙(t) = −[IL(t) + IR(t)] on the cen-
tral dots. The current conservation gives
Sc(ω) = 2SLR(ω) + SL(ω) + SR(ω). (23)
4The cross correlation noise spectrum, defined as
SLR(ω) =
1
2F
{
〈δIL(t)δIR(0)〉s + 〈δIR(t)δIL(0)〉s
}
, can
also be cast to the MacDonald’s formula as36,37
SLR(ω) = 2ω
∫ ∞
0
dt sin(ωt)
d
dt
[
〈NL(t)NR(t)〉 − (I¯t)
2
]
,
where 〈NL(t)NR(t)〉 = Tr
∑
nLnR
nLnRρ
(nL,nR)(t). Simi-
larly, with the help of Eq. (14), we finally obtain
SLR(ω) = 2ω Im
{
Tr[J
(−)
L (ω)N˜R(ω) + J
(−)
R (ω)N˜L(ω)]
}
.
(24)
We have thus completed the expression of the dot charge
fluctuation spectrum Sc(ω). Note that the noise spec-
trum may also be formulated by using the quantum re-
gression theorem,12,38 which however is not applicable to
non-Markovian case, due to the long memory time of the
reservoir.39,40
B. Remarks on non–Markovian shot noise
The final expressions for evaluating the spectrum of
current fluctuation comprise therefore Eqs. (22)–(24) to-
gether with Eqs. (15) and (17). The key quantities here
are J
(±)
α (ω) [Eq. (15)] or, equivalently, the transport self–
energies Σ
(±)
α (ω) [Eq. (8b)] involved in the TNL–GQME
in the weak system–reservoir interaction regime. In-
volved in Σ
(±)
α (ω) are the Laplace frequency transforma-
tion of reservoirs correlation functions C
(±)
α (t), as defined
by Eq. (6). The grand fermionic ensemble fluctuation–
dissipation theorem reads41
C(σ)αµν(t) =
∫ ∞
−∞
dω eσiωtJαµν(ω)f
σ
α (ω) . (25)
Here fα(ω) ≡ f
+
α (ω) = 1 − f
−
α (ω) is the Fermi func-
tion of α–electrode; Jαµν(ω) denotes the reservoir spec-
tral density function, which is diagonal in spin–space;
i.e., Jαµν(ω) = 0 if the involving system levels µ and ν
are of different spins. Consider the reservoirs spectral
density the form of Jαµν(ω) = Jα(ω)δµν , which leads to
C
(σ)
αµν(ω) = C
(σ)
α (ω)δµν , where
C(σ)α (ω) ≡
1
2
[∆(±)α (∓ω) + iΛ
(±)
α (∓ω)]. (26)
with ∆
(±)
α (ω) = f±α (ω)Jα(ω), as inferred from Eq. (25),
and Λ
(±)
α (ω) are the reservoirs spectrum and dispersion
functions, respectively. They are related by the Kra
mers–Kronig relation. Without loss physical picture, we
adopt the spectral density, Jα(ω) ≡
∑
k |tαk|
2δ(ω− ǫαk),
the Lorentzian form of
Jα(ω) =
ΓαW
2
(ω − µα)2 +W 2
. (27)
Considered here is a rigid homogenous shift in the con-
duction band of each electrode by applying the bias volt-
age, i.e., ǫαk → ǫαk + µα, so that the occupation of elec-
trons in the leads remains unchanged. Also, we assume
a half-occupied conduction band for each lead, which
makes the center of the Lorentzian spectral density coin-
cide with the Fermi level. We set µL/R = ±eV/2, with
µeqα = 0 for each lead at equilibrium. The Lorentzian
J(ω) leads to the dispersion function analytical expres-
sion: Λ
(±)
α (ω) = φα(ω)−
Γα
pi
[
Ψ
(
1
2 +
W
2pikBT
)
± π ω−µαW
]
,
where Ψ(x) is the digamma function, and
φα(ω) ≡
Γα
π
Re
{
Ψ
(1
2
+ i
ω − µα
2πkBT
)}
. (28)
Physically, the reservoirs spectrum function is related di-
rectly to transfer rate, while the dispersion function is
responsible for energy renormalization.
Two basic non–Markovian characteristics, the finite–
frequency–support and the quasi–step features in noise
spectrum are anticipated. They arise from the fσα (ω)
and Jα(ω) components of the integrant in Eq. (25), re-
spectively. Both components contribute to the frequency
dependence of transport self–energies Σ±α (ω) and thus
that of J ±α (ω) [Eq. (15)].
The finite–frequency–support feature arises from that
of Jα(ω), e.g., Eq. (27) with finiteW . The transport self–
energies Σ
(σ)
α (ω) or J
(σ)
α (ω) [Eq. (8b) or (15)] are also
of finite frequency support, approaching to zero when
|ω − µα| goes beyond the bandwidth. Examine now the
expressions of current noise spectrum, Eqs. (22) and (24).
They depend also the number density operator N˜α(ω).
From its definition by Eq. (17), N˜α(ω) always approaches
to zero as ω → ∞. It leads to SLR(ω → ∞) → 0 and
SL/R(ω → ∞) → 2Re
{
Tr[J
(+)
L/R(ω)ρ
st]
}
. Therefore the
current noise spectrum vanishes as ω → ∞, for any fi-
nite bandwidth W . It differs from the case of WBL
(W → ∞), where Jα(ω) = Γα is constant and the re-
sulting noise spectrum approaches to a constant at high
frequency limit.
The quasi–step feature rooted in that of Fermi function
always exists, even in the WBL. The quasi–step behav-
ior of Fermi function manifests itself through C
(σ)
αµν(ω)
to Σ±α (ω) or J
±
α (ω) [Eq. (8b) or Eq. (15)] in transport
current statistics.13 As a result, the quasi–step feature in
current noise may reflect the dot energy structure, includ-
ing the magnitude of the finite Coulomb interacting U ,
which will be demonstrated in the coming section. This
characteristic is evident from Eq. (5), since the frequency
involved in the Fermi function will be replaced by ω ± ǫ
or ω ± (ǫ+ U).
The aforementioned two non–Markovian characteris-
tics, as just analyzed on the basic of TNL–GQME in
the weak system–reservoirs coupling regime, will be ver-
ified numerically soon. Note that the TL–GQME and
its consequent Markovian noise spectrum18–22 can be
recovered by setting Σ
(±)
α (ω) ≈ Σ
(±)
α (0). Note also
that a memory kernel treatment of phonon bath in-
teraction alone leads to a frequency dependent total
self–energy Σ(ω) at the conventional QME level, but
retains a frequency independent Σ
(±)
α and is therefore
TL at the GQME level.8 The TL–GQME that assumes
the frequency–independent Σ
(±)
α , even with the inclu-
5sion of non-Markovian phonon bath coupling,8 will miss
the aforementioned non–Markovian transport character-
istics. The TNL–GQME approach is found to be more
suitable (see Fig. 1 below), as assessed by the exact and
nonperturbative result readily available at least for non-
interacting systems.23
IV. NUMERICAL DEMONSTRATIONS
In the following demonstrations, we set µL = −µR =
eV/2, with µeqL = µ
eq
R = 0 for the equilibrium electrodes
chemical potentials in the absence of external bias volt-
age V . We focus on the regime of W ≫ Γα, which is of-
ten the case of realistic systems. This regime would also
validate the TNL-GQME to be a suitable weak system–
reservoirs coupling theory, as supported by our early
work on the spectrum analysis of transient transport cur-
rent calculation,26 and also by Ref. 42 that reports the
exact zero–frequency noise spectrum of single-resonant-
level dot system. The close comparison with exact results
in a simple system in Sec. IVA will further favor TNL–
GQME while discriminate against TL–GQME treatment.
Presented in due course are also the analytical TNL–
GQME results of noise spectrum in the WBL, together
with the approximated Fermi function, fα(ω < µα) ≈ 1
and fα(ω > µα) ≈ 0. Consequently, the aforemen-
tioned quasi–step non-Markovian characteristic of noise
spectrum will be highlighted analytically by piecewise
functions [cf. Eqs. (34) and (33)]. The finite–frequency–
support non-Markovian feature will appear numerically,
for Lorentzian spectral density with finite bandwidth.
A. Noninteracting single dot
Consider first the simple system of a single spinless
level, H = ǫ d†d, as its exact results can be readily car-
ried out, by using the nonperturbative GQME theory
based on Feynman–Vernon influence functional.23 Thus,
the demonstrations on this simple system will not only
highlight the aforementioned two non-Markovian charac-
teristics of shot noise spectrum, but also more or less jus-
tify the TNL–GQME based noise spectrum calculations
in this work. Figure 1 depicts the resulting noise spec-
tra, evaluated on the basis of the exact (solid in gray),
TNL–GQME (solid in black) and TL–GQME (dashed
in black) theories. Evidently, the TNL–GQME repro-
duces well, at least qualitatively all basic features in
the entire frequency range, while the TL–GQME is only
applicable in the low frequency regime of ω < ωα0 ≡
|µα − ǫ|. The above observations are supported by
the fact that TNL–GQME is non–Markovian while TL–
GQME is Markovian. The high frequency regime corre-
sponds to short time scale where non-Markovian effect
is strong, while the low frequency regime corresponds to
long time scale where non-Markovian effect diminishes.
The non–Markovian quasi–step characteristic is high-
lighted in Fig. 1(a) with W → ∞ (i.e., the WBL), while
the finite–frequency–support feature is demonstrated in
Fig. 1(b) with W = 50Γ, where Γ ≡ ΓL + ΓR. Ap-
parently, the high–frequency breakdown of TL–GQME
is general, even in the WBL. The TNL–GQME is the
choice of weak system–reservoirs coupling theory for the
entire frequency range.
The analytical TNL–GQME based results in the WBL
are summarized in the following to highlight the non–
Markovian quasi–step feature, with the approximated
Fermi function, fα(ω) ≈ 1 for ω < µα, and zero oth-
erwise. Consider also large bias, µL ≫ ǫ ≫ µR. In this
case, we can neglect the dispersion component Λ
(±)
α (ω) of
Cα(ω) in Eq. (26), as its resultant energy renormalization
effect on the present single–level system is negligible. The
transport current is I¯ = I¯L − I¯R = ΓLΓR/Γ. In the low
frequency region, the current noise spectrum calculated
by TNL–GQME is about the same as the TL–GQME,
due to negligible non-Markovian effect. The resulting
Fano factor reads for ω < ωα0
Fα(ω) ≡
Sα(ω)
2I¯
≈
Γ2L + Γ
2
R + ω
2
Γ2 + ω2
= FMα (ω). (29)
The last identity is the TL–GQME or Markovian result,
claimed for all frequencies.
The non-Markovian quasi–step appears around ω =
ωα0. The noise spectrum in the WBL behaves then as
Sα(ω → ∞) → Γα, leading to the Fano factors asymp-
totically of FL(ω)→ (1+γ)/2 and FR(ω)→ (1+γ
−1)/2.
These results are consistent with those of Ref. 13, which
exploited the standard scattering methods exactly.1,41
Apparently, the Fano factors can be larger or smaller
than 1, determined by the γ ≡ ΓL/ΓR ratio: γ = 1
assumes the Poissonian noise for both leads; γ > 1 en-
hances the noise of the left lead, while suppresses that
of the right; and vice versa. The reason behind is that
the tunneling rates difference (ΓL 6= ΓR) is like a dy-
namical channel blockade, resulting in bunching and anti-
bunching events. In contrast, the TL–GQME leads to the
Makorvian results of FMα (ω →∞) = 1 for both leads, re-
gardless the bandwidth. Actually the finite bandwidth is
of Fα(ω → ∞) = 0, as predicted by either TNL–GQME
or exact theory; see Fig. 1(b). This is right the finite-
frequency-support characteristics that restricts the chan-
nels for electron transferring between the dots and leads
accompanied by the energy (~ω) absorption/emmison of
detection.
B. Interacting single dot
The Coulomb interaction case is exemplified with
H = ǫ↑nˆ↑ + ǫ↓nˆ↓ + Unˆ↑nˆ↓, (30)
where nˆµ = d
†
µdµ. The annihilation operators are
d↑ = |0〉〈↑ | + | ↓〉〈↑↓ | and d↓ = |0〉〈↓ | − | ↑〉〈↑↓ |, with
|0〉, | ↑〉, | ↓〉, and | ↑↓〉 denoting the empty, two single–
occupation spin states, and the double–occupation spin–
pair state, respectively, in the Fock space. To have
the Coulomb interaction effect more transparent, we set
the dot level spin–degenerate, ǫ↑ = ǫ↓ = ǫ, and focus
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FIG. 1. Noise spectrum for right reservoir, evaluated with
three methods: exact (solid gray line), TNL-GQME (solid
black line) and TL-GQME (dashed line) treatments for (a)
WBL and (b) Finite band width of W = 50Γ. The other
parameters are (in arbitrary unit Γ): ǫ = 5, ΓL = ΓR = 0.5,
kBT = 2, and eV = 15.
on the transport in strong Coulomb blockade regime,
ǫ + U > µL > ǫ > µR, where the stationary transport
current is I¯ = 2ΓLΓR/(2ΓL + ΓR).
For the purpose of comparison later, we present here
the results of TL–GQME based (Markovian) shot noise
spectrum (denoting Γeff ≡ 2ΓL + ΓR):
43
FMα (ω) =
4Γ2L + Γ
2
R + ω
2
Γ2eff + ω
2
, FMc (ω) =
2ω2
Γ2eff + ω
2
, (31)
which assume Poissonian, FML = F
M
R = 1 and F
M
c =
2, as ω → ∞. We will see soon that the TNL–GQME
treatment will lead to very different behaviors, due to
the increasing non-Markovian effect with increasing the
detection frequency.
Figure 2 depicts the noise spectrum of transport cur-
rent, with different bandwidths that crossover the fixed
Coulomb interaction parameter U = 25Γ to visualize
the interplay between them. The non-Markovian quasi–
step feature is displayed by a number of quasi–step jumps
around the resonant frequencies of
ωα0 = |µα − ǫ| and ωα1 = ǫ+ U − µα, (32)
with α = L and R. Specifically, these resonance frequen-
cies (in unit of Γ) are ωL0 = 5.5, ωR0 = 9.5, ωL1 = 19.5,
and ωR1 = 34.5, for the parameters used in Fig. 2. This
characteristic feature can be used to extract the infor-
mation of the discrete energy level of the dot as well as
the magnitude of the Coulomb interaction. The finite-
frequency-support resulted from finite bandwidth is also
apparent in interacting dots systems.
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FIG. 2. Noise spectrum of transport current [in F (ω) ≡
S(ω)/(2I¯)] through an interacting quantum dot, decomposed
to (a) left junction current, (b) right junction current, and (c)
charge-number fluctuation components, respectively. Param-
eters (in arbitrary unit Γ) are U = 25, kBT = 0.5, and ǫ = 2,
with different values of bandwidth W . The other parameters
are the same as in Fig. 2.
To highlight the quasi–steps resonant tunneling char-
acteristics, we consider the WBL, with the aid of its ap-
proximated analytical results as follows. Let us start with
the region of ω > ωα0:
Fα(ω) =
{
1
2 (1 + γα) ; ωα0 < ω < ωα1
1
2 + γα ; ω > ωα1
, (33a)
Fc(ω) =


1 + 12 (γL + γR) ; ωR0 < ω < ωL1
1 + γL +
1
2γR ; ωL1 < ω < ωR1
1
2 (3 + 2γL + γR) ; ω > ωR1
. (33b)
Apparently, the noises depending on γL ≡ ΓL/ΓR ≡ 1/γR
can still be either super– or sub–Poissonian. Consider
for example Eq. (33a), where the two regions are actually
µL > ǫ, ǫ+ U > µR and ǫ+U > µL > ǫ > µR, represent-
ing the weak and the strong Coulomb interaction cases,
respectively. Evidently the resonant quasi–step charac-
teristics of noise spectrum are enhanced by Coulomb in-
teraction [cf. Fig. 2 or Eq. (33), with ω > ωα1].
Consider the low–frequency region (ω < ωα0), where
the noise spectrum can be analyzed via
Fα/c(ω) = F
M
α/c(ω)−Dα/c(ω)/(2I¯). (34)
The first term is just the Markovian result Eq. (31). The
second term accounts for the renormalization effect and
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FIG. 3. The dispersion function contribution to the noise
spectrum through an interacting quantum dot, decomposed
to left junction current (solid in black), right junction cur-
rent (solid in gray), and charge–number fluctuation (dotted
in black) components, respectively, with WBL. The parame-
ters are the same as in Fig. 2.
can be evaluated in the WBL as
DL(ω) =
8ΠLΓL(
Γ2eff + ω
2
)
ω
, DR(ω) =
2Π′RΓR(
Γ2eff + ω
2
)
ω
,
Dc(ω) =
2(ΦL +ΦR)[Γeff(ΦL +ΦR)− ΓRω]
Γ2eff + ω
2
,
(35)
where Π′R = ΠR+ΦR
[
(1+ΓL/Γeff)ω
2− 6Γ2L
]
, and Πα =
Φα[ω(ΦL+ΦR)+ 2Γ
2
α′ +ω
2Γα′/Γeff ]+ 2ΓLΓR(ΦL−ΦR),
with α′ 6= α. These non-Markovian contributions are
related to the dispersion function, through [cf. Eq. (28)]
Λ(±)α (ǫ−ω)−Λ
(±)
α (ǫ+ω) ≈ φα(ǫ−ω)−φα(ǫ+ω) ≡ Φα(ω; ǫ).
The renormalization is important especially in the low
frequency regime, as shown in Fig. 3. Note that Dc(0) =
0 but Dα(0) 6= 0 at zero frequency. However, the renor-
malization effect on the central-dots charge fluctuation
extends wider frequency range than that on the lead cur-
rent fluctuation.
V. CONCLUDING REMARKS
In summary, we have presented the TNL-GQME and
exploited it in analyzing the frequency dependence of
shot noise spectrum. The theory itself is the extension
of the conventional TNL-QME16 to quantum measure-
ment problems, via the standard particle counting χ-
field method.27–29 By comparing with the exact results
on non-interacting dots, we numerically demonstrated
that the TNL-GQME is more appropriate than its TL-
counterpart. This observation clearly indicates that the
shot noise spectrum of transport current is generally non-
Markovian, even in the WBL of electron reservoirs leads.
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